Summary. The paper develops a Bayesian hierarchical model for estimating the catch at age of cod landed in Norway. The model includes covariate effects such as season and gear, and can also account for the within-boat correlation. The hierarchical structure allows us to account properly for the uncertainty in the estimates.
Introduction
As part of the process of setting fishing quotas, every country in Europe with a fishing fleet reports the total annual catch at age of various species to the International Council for the Exploration of the Seas. A variety of sampling schemes have been established for this, and the data are analysed in a range of ways. A common feature of most of these methods is that there is no statistical model for the sampling process. Ad hoc methods are used which are very time consuming and rely on individual judgment, which by definition is not repeatable. Also it is very difficult to obtain a measure of the uncertainty in the reported results. One exception is Kvist et al. (2001) , who developed a frequentist model for the sand-eel fishery in the North Sea.
The aim of this paper is to establish a proper statistical framework within which market sampling data can be analysed. The Bayesian hierarchical framework is very appropriate for this kind of modelling, because it can easily accommodate the different sampling schemes, and because it provides a full measure of uncertainty. We concentrate on the Norwegian catch of north-east Arctic cod (Gadus morhua), both because there is much current interest in the state of cod stocks and because the Norwegian sampling programme is particularly simple.
The sampling scheme
The Norwegian Institute for Marine Research has the task of estimating the total catch at age of cod by the Norwegian commercial fishing fleet in the Barents Sea. Researchers from the Institute for Marine Research collect the major part of the available data for estimating the age composition in the catch for cod.
The procedure is the following: a boat (the 'Amigo') sails from port to port along the north Norwegian coast over a period of about 6 weeks, four times a year (roughly corresponding to the four seasons). At each port it takes a sample of about 80 fish from any boats that are available at the time. Rarely more than one boat is available. The fish are weighed, the lengths measured and the otoliths extracted. These are calcified structures in the ears of the fish that produce periodic growth increments that are used to estimate the age of the fish (Campana, 2001) . Each year about 200 boats, and thus about 16 000 fish, are sampled. Note that the programme only samples landings. An unknown number of small fish are discarded at sea, though we refer to catch at age in this paper.
The total catch in weight caught in each combination of region, gear and quarter (henceforth called a 'cell') is available from a census conducted by the Norwegian Directorate of Fisheries. information about age or size of the fish. The Norwegian cod fishery has mainly been restricted to six of these regions, with only minor catches taken in the neighbouring regions (over the 5 years from 1996 to 2000 catches from 16 regions were reported). There are five gear types that have significant catches. We refer to them by their Marine Institute reference numbers: 31, bottom trawl; 36, Danish seine; 41, gill net; 51, long line; 52, hand-line. The Amigo programme aims to provide an estimate of the total catch at each age for each cell, but since it is not a designed survey the numbers of samples do not necessarily reflect the intensity of fishing in a cell. In particular, the offshore regions are under-represented. Over the 5 years from 1996 to 2000, 75% of the total catch was from regions 0, 3, 4 and 5, with 8% from region 12 and 4% from region 20. Over the same period 95% of the Amigo samples were from regions 0, 3, 4 and 5, with only 1% from region 12 and 2% from region 20.
We refer to the boat as the sampling unit, since this is physically where a sample is taken. It would be more accurate, however, to refer to the haul, since there is no boat effect per se. The differences between boats fishing the same cell are because the catches come from different shoals of fish. It is possible (though unlikely) that the same boat could be sampled more than once, but there is no reason to suppose that the catches would be any more similar than those from any other boats in the same cell.
Modelling catch at age

The current procedure
The current procedure is a time-consuming and difficult process. We briefly describe it to show that there are large potential gains from developing a coherent statistical model for estimating the catch at age.
The procedure requires age and length data from each cell. A large number of cells are unsampled, and so some of the regions are merged to form eight larger regions. Even so, many cells have no data, and for these the data are copied from the most 'similar' cell with available data. There is no exact definition of a similar cell; it is subjectively determined on the basis of expert knowledge of similarities between seasons, gears and years. Additional data from other surveys or the coastguard are also sometimes included. Length data and age-given-length data may sometimes be copied from different cells. Even though this reallocation of data is performed by experienced researchers, it is time consuming and involves a subjective factor that may be questioned.
Having allocated data to each cell c the proportion of the allocated data in each group l of length 5 cm, p c .l/, is found. This is assumed to be the true length distribution of the catch in that cell. From the samples with both age and length, the proportion at age within a length group, p c .a|l/, is calculated. This is usually referred to as an age-length key and is assumed to give the true age-given-length distribution of the catch in the cell. The proportion at age is then calculated as
The length distribution is also used to estimate the number of fish in the total catch. A quarterly weight-given-length relationship, w.l/, is estimated by pooling all available weight-length samples for that quarter, without regard to potential gear and region effects. Then the mean weight of fish in the catch is estimated as
which yields an estimate of the total number N c = W c =w c , where W c is the total catch in weight in cell c. Finally, the estimated numbers caught at age is estimated as N ca = N c p c .a/.
The uncertainty in the estimates that are obtained by the current procedure has not been addressed and will be difficult to assess because of the subjective factors that are involved.
A Bayesian hierarchical model
In the next four sections we develop a model for catch at age which incorporates the known covariates and allows for a realistic assessment of the uncertainty. The main components of the model are as follows.
(a) The likelihood: this depends on the sampling scheme, the proportion at age of fish on individual boats and the weight-age relationship on each boat. (b) A model for the proportion at age on individual boats: this is assumed to depend on the cell in which the boat is fishing, but not on any other properties of the boat, such as the total catch. (c) A model for weight given age on each boat: this is used to estimate the mean weight of fish on a boat, and so to convert the total catch in weight into numbers at age. It is assumed to depend on the cell, but not on other properties of the boat or the proportion at age. (d) Age reading errors: it is known that the observed ages are not always correct.
The likelihood
The data consist of the numbers at age of fish on each of a large number of boats, and the weights and ages of these fish. These two components are assumed to be independent, i.e. given the age of a fish the weight is independent of the number of fish of that age on the boat. We therefore require two separate likelihoods: one for the numbers at age on the boats, and another for the weight-given-age data. Note that it would be possible to model the mean weight on a boat directly, but since the weight of a fish is due to a large extent on its age it would not then be possible to regard the two likelihood components as independent.
Numbers at age
The samples from any boat b are assumed to be randomly drawn from the total population of fish on that boat. This total population is assumed to be very large compared with the sample size n b . Conditional on the vector of proportions at age on boat b, p b , the numbers at age in the sample from the boat, X b , are therefore multinomial:
We assume that the data from the boats are conditionally independent given the p b , and so the full likelihood is the product of the likelihoods for the individual boats. The vector p b is modelled in Section 5.
Weight given age
We assume that log(weight) is linear in log(age) on any given boat, i.e. on boat b
Here weight bi is the weight of the ith fish sampled from boat b and age bi is its age. Given the slope and intercept on the boat, sl b and int b , the ξ bi are assumed independent N.0, 1=τ w /. τ w is assumed constant over all boats in all cells. The models for int b and sl b are given in Section 6. To obtain an orthogonal design matrix for this regression model, 2 is subtracted from log(age bi ), as this is approximately equal to the mean log(age) over all samples.
The model for proportion at age
The vector of proportions at age on boat b, p b , has A elements, one for each age group. Let p b .a/ be the ath element, where 0 p b .a/ 1 and Σ A a = 1 p b .a/ = 1. Let c.b/ be the cell from which boat b was sampled. For clarity we drop the parentheses and just refer to cell c. Within cell c we assume that every boat b catches a different proportion at age a, which we reparameterize as
To allow for differences between boats fishing the same cell, we assume M ba ∼ N.µ ca , 1=τ /, a = 5, and for identifiability M b5 = 0 (we set the most common age group to 0, in our case age group 5). τ is constant over all ages, cells and boats and represents the within-boat variability.
The µ ca are the cell population parameters, functions of the season s, gear g, year y and region r corresponding to the cell. They are modelled as follows:
For each age a we have an overall mean α a , a season effect β sa , a gear effect χ ga , a year effect δ ya and a spatial effect " ra . We do not fit any interactions between the effects, though in principle they could be included.
β, χ and δ are given vague Gaussian priors, with all levels for one age group, and the first level for all ages set to 0 for identifiability, i.e. 
and similarly for χ and δ.
The spatial "-term has a Gaussian conditional autoregressive (CAR) prior distribution (see for example Carlin and Louis (1996) ):
where @.r/ is the set of neighbours of region r and n r is the number of neighbours of region r. Again all " for age group 5 are set to 0, as is the mean over all regions. λ and τ are given vague gamma(0.01, 0.01) priors.
The model for the weight-given-age parameters
We assume that the slope and intercept parameters for boat b, sl b and int b , are independent random variables, drawn from a cell population:
S c and I c are the underlying population parameters, functions of gear, year and season, though not region. They are modelled as follows:
The means (α s and α i ), season (β s s and β i s ), gear (χ s g and χ i g ) and year (δ s y and δ i y ) effects are given independent vague normal(0,1/0.0001) priors, with the first level for season, gear and year set to 0 for identifiability. The precision parameters τ s and τ i , and the within-boat precision τ w are given vague gamma(0.01, 0.01) priors.
It is not strictly correct to model the slope and intercept as independent, since the mean log(age) is not constant and equal to 2 over all boats as we have assumed. The correlation is small, though, and of no consequence for our aim of estimating the mean weight of fish in a cell. It might be more significant if we were interested in more extreme weights.
The model for age errors
It is known that the ages are sometimes read incorrectly. There are very few experimental data to estimate exactly what the error distribution is, at least for the methodology that is used in the Norwegian scheme, i.e. otoliths read on board the sampling boat, rather quickly and in batches of about 80. There have been several studies where otoliths have been exchanged between laboratories and read by several researchers which have suggested that there is a probability of something in the region of 10-20% that an otolith will be misread by at least 1 year.
It is impossible to estimate the age reading error from the sampling data alone, since the boat effect would be confounded with any term for age error. However, if the probability of aging wrongly is known, it can be incorporated into the model. Suppose that there are n a age groups. Then we can create an (n a × n a ) matrix O, the columns of which give the conditional probability of the observed fish age given the true age, i.e. the (i, j)th element of O is the probability that a fish of true age j is given observed age i. Assuming that the age errors are independent, the numbers at age on boat b are now multinomial(Op b , n b ) instead of multinomial(p b , n b ). Since O is assumed known, this causes no extra difficulties in the analysis. Age reading errors could also be incorporated in the model for weight given age, though we have not done this here.
Estimating total catch at age
From the above models and likelihoods, we can obtain the posterior distributions of the various cell parameters given our data. However, the total catch at age is not explicitly included as a parameter in the model. Our approach therefore is to make some simplifying assumptions that allow us to write the total catch at age as a function of the parameters in our model and the total weight of catch in each cell.
(a) There are a large number of fish on each individual boat, such that the mean weight given age on a boat is equal to its expected value on that boat. Since weight given age has a log-normal distribution with mean given by the regression parameters above, this is given by
Also the mean weight of fish on the boat is given by Σ a p ba E.w b |a/. There are a large number of boats fishing in a cell, such that the mean weight of fish caught in the cell is equal to its expected value. Also, the proportion at age is independent of the weight given age. Therefore the mean weight of a fish in the cell is given bȳ
(c) We are given without error the weight of the total catch W c in each cell. Therefore the total number of fish caught in the cell is given by T c = W c =w c . (d) The precision τ of the proportion at age parameters M ba is sufficiently large compared with the range of the means µ a that the expected value of the proportions at age is equal to the maximum likelihood estimator, i.e.
(e) The total catch at age in the cell is equal to its expected value, i.e. T ca = T c E.P ca /.
Thus we are interested in T ca , which is a function of the parameters in the models defined in Sections 4-6. Therefore the posterior distribution of T ca is obtained directly as a function of the joint posterior distribution of these parameters. In practice this means that for each Markov chain Monte Carlo (MCMC) sample from the joint posterior (see Section 9) we calculate one sample from the posterior distribution of T ca . 
Results
The analysis was done using an MCMC algorithm, originally in WinBUGS (Spiegelhalter et al., 1996) , but this was too slow for the full data set. The MCMC routine was therefore rewritten in C and run from S-PLUS. The MCMC algorithm is now fairly standard in the statistical literature; see for example Tierney (1994) or Chib and Greenberg (1995) . The output of the algorithm is a sequence of dependent samples approximately distributed according to the posterior distribution. We describe briefly the algorithm for the model for proportion at age. That for the other models is similar. It is based on a Metropolis-Hastings updating scheme where one model parameter is updated at a time. In the model α a and " ra are replaced by η ra = α a + " ra . This relationship can be inverted since α a =η a . Then the unknown parameters consist of β sa , χ ga , δ ya , η ra , M ba , λ and τ . The proposal distributions are chosen such that the Hastings ratio becomes equal to the ratio between the posterior densities at the two samples. The proposal distributions for updating β sa , χ ga , δ ya , η ra and M ba are normal with mean equal to the value of the parameter in the current sample. The proposal distribution for τ is defined such that R, the ratio between the proposed and the current values of τ , has density equal to 1 + 1=R on the interval [1/f , f ] where f is a constant determining the width of the distribution. If the starting value of τ is positive it follows that all samples become positive. The proposal distribution for λ is similar. The widths of the proposals were tuned so that the acceptance probabilities are between 0.25 and 0.75 for most of the parameters. On a reasonably fast personal computer 5 years of data can be analysed in just a few minutes. Convergence is fast, requiring only around 1000 iterations.
Catch at age
We use the following A = 9 age groups: less than 4 years, individual ages from 4 to 10 years and greater than 10 years. The estimates of the catch at age for 1999 and 2000 for all regions combined are shown in Fig. 2 . The bars show the mean plus and minus 2 standard deviations. Figs 2(a) and 2(b) show the results from a model where the probability of correct aging is 0.8, with a 0.1 probability of an error by 1 year in each direction. Figs 2(c) and 2(d) are from models with no aging error. The effect of including age error in the model is to make the large age groups larger, and to increase the uncertainty. Also shown on these plots are the official Norwegian catch-at-age statistics. The agreement is reasonably good in 1999, but rather bad in 2000. Since the total catch in weight (used in both methods of analysis) is much higher in 1999 than in 2000, it is difficult to see how the official result can be correct here. Given the ad hoc nature of the official analyses, and the inclusion of extra data, however, it would be surprising if the agreement was consistently good. Also there is no measure of uncertainty in the official figures, which makes any comparison rather meaningless. Our results are very much more in agreement with some unpublished bootstrapping analyses that were carried out at the Institute for Marine Research.
Model fit: weight given age
For four of the sampled boats, log(weight) is plotted against log(age) − 2 in Fig. 3 . The estimated slope, intercept and mean weight (on the original scale) are given. The linear relationship is seen to be plausible, with the slope and intercept changing somewhat from boat to boat.
Model fit: proportion at age 9.3.1. Interactions with year effects
We have not modelled any interactions between the effects. To assess the magnitude of interactions with the year effect, the model was fitted separately for each year, and the estimated effects were compared. The season effects are plotted for 1997-1999 in Fig. 4 . It had been expected that interactions between season and year were the most likely, but it can be seen that the difference between the years is small. This might suggest that as many years as are available should be used to fit the model, but the population structure may change over a longer period than that available in our data set. To investigate the effect of using different numbers of years of data, we estimated the total catch at age for 1999 and 2000, using from 1 year to the maximum available . Posterior means of region effects under the CAR and exchangeable models (the x -axis is regions along the north coast from east to west; region 12 is offshore but adjacent to regions 3 and 4) ( , exchangeable model; . . . . . . . , CAR model; e, area 12, exchangeable model; c, area 12, CAR model): (a) age < 4 years; (b) age 4 years; (c) age 5 years; (d) age 6 years; (e) age 8 years; (f) age 9 years; (g) age 10 years; (h) age > 10 years Fig. 5 . It can be seen that there is very little difference in the means, although the estimates using just 1 year are a little more 'peaked', as might be expected. The standard deviations, however, are noticeably smaller for 2 or more years. These plots suggest that there is some benefit from using 2 years of data, but very little from using any more. This exercise was repeated for the catch in region 12 alone, since this region is under-represented by the Amigo samples. The results (which are not shown) were similar.
The spatial term
In terms of the posterior means or the uncertainty in the estimate of the total catch at age, the CAR model gives no improvement compared with an exchangeable Gaussian region effect. This is because the majority of samples come from just four regions, regions 0, 3, 4 and 5. These four regions also have the largest total catch, and in terms of estimating the total Norwegian catch at age it makes no real difference how the region effect is fitted. The four regions have virtually identical estimated effects with both models. However, the other regions are interesting in their own right, and region 12 in particular has a significant catch even though there are very few samples. It is also sometimes of interest to estimate the catch at age for regions with no samples. It is believed that there is spatial correlation in the proportions at age, and there is some evidence for this in Fig. 6 . This shows the posterior means of the region effects for each age group, for the nine coastal regions, running from east to west. Some spatial correlation is noticeable under the exchangeable model, and this is smoothed by the CAR model. Also shown are the estimates for region 12 (which is adjacent to regions 3 and 4) under the two models. The effect of the spatial model on this region (which has very few samples) is quite large.
Goodness of fit
As with all hierarchical models, it is rather difficult to judge how well the model fits, since we are most interested in the unobservable parameters at the cell level. However, the estimates of proportion at age are shown in Fig. 7 for four cells where there are at least 10 sample boats. The dotted curves are the observed proportions on each boat and the full curves are the mean proportions over all boats. The bars show the posterior means plus and minus 2 standard deviations from our model. The patterns are similar, as they are in all cells where there are sufficient samples for a comparison. This is reassuring although it obviously says nothing about the fit in the cells with no samples. Note that the uncertainty in the estimates is in general smaller than the variability in the data, because the data include two extra sources of variation-the multinomial variability in the sample from the boat and the boat variability within the cell.
Discussion
The sampling scheme that we have considered in this paper is in fact only part of the full data set that was used to estimate Norwegian catch at age. There are also some samples collected by the coastguard and the 'reference fleet' (a group of commercial vessels that collaborate with the Institute for Marine Research). These can consist of a very large number of length-only measurements, with a much smaller number of age samples, stratified by length on the boat from which they were taken. These data are often used in the official assessment, and the reference fleet in particular provides a large amount of data from region 12, which is under-represented by the Amigo samples. To integrate these data, it is necessary to develop a model for length given age. This work is in progress, and there do not appear to be any insoluble problems. The main difficulty is dealing with the very large amounts of data, which can make the MCMC algorithm rather slow. This kind of data is much more common elsewhere in Europe than the simple Norwegian age sampling scheme, and if our work is to have more general applicability it will need to incorporate this kind of sampling. In addition, the fish are sometimes stratified by weight before the length samples are taken, an extra complication that again does not present insoluble difficulties but will require some extra modelling.
A comparison with the official Norwegian catch-at-age statistics in general shows broad agreement, though the official figures are often outside our intervals of 2 standard deviations and there is a rather large discrepancy in 2000. One advantage, however, of current methods is that the fisheries scientists have a good feel for the data and possible anomalies. In a complex Bayesian model like ours it is not easy to test all the assumptions or the consequences of their being wrong. It is clear that, if this kind of modelling is to be widely accepted, it will be necessary to include a wide range of diagnostics and data checking procedures. However, the potential benefits are enormous. Even if the results were in the end indistinguishable from current methods, the time saving is of the order of several man-weeks in Norway alone.
A realistic measure of uncertainty is also very useful. The various monitoring schemes around the world are very expensive to run, and without a model for the uncertainty they are very difficult to optimize. In principle it is possible to simulate from our model, and to test different sampling schemes. For example it would be easy to test the relative benefits of taking more age, length or weight samples from a boat, or sampling more boats.
In conclusion, the modelling approach that is taken in this paper allows the estimation of catch at age in a coherent and repeatable way. It also gives a realistic measure of uncertainty. The estimation can be done for cells even where there are no samples. It gives the potential for large savings in effort in the annual Norwegian assessment and could be extended to the assessments elsewhere in Europe without any serious difficulty.
